ABSTRACT. In this note, we present a complete and corrected version of Kenku's method in the proof of the nonexistence of 27-torsion on elliptic curves over quadratic fields and show why this method can not be applied to the cases of 32-and 24-torsion on elliptic curves over cubic fields.
In 1983, Kenku proved the nonexistence of 27-torsion on elliptic curves over quadratic fields [10] . He considered the reduction modulo 5 of the corresponding modular curve X 1 (27) and reached the conclusion that a noncuspidal quadratic point on X 1 (27) will lead to contradiction. Kenku's method is correct in practice but vaguely stated with errors and gaps. In this note, we present a complete and corrected version of Kenku's method and show why this method can not be applied to the cases of 32-and 24-torsion on elliptic curves over cubic fields.
PRELIMINARIES
Let H = {z ∈ C | Imz > 0} be the upper half plane. Let H = H ∪ P 1 (Q) be the extended upper half plane by adjoining cusps P 1 (Q) = Q ∪ {∞} to H. Let N be a positive integer. Let X 1 (N) (resp.
X 0 (N)) be the modular curve defined over Q associated to the following congruence subgroup Γ 1 (N) (resp. Γ 0 (N)) of the full modular group Γ = SL 2 (Z)/ ± 1. : a ∈ (Z/NZ) × / ± 1 . Let ∆ be a subgroup of (Z/NZ) × which contains ±1. Let X ∆ (N) be the modular curve defined over Q associated the congruence subgroup We denote by Y 1 (N) = X 1 (N)\{cusps}, Y 0 (N) = X 0 (N)\{cusps}, Y ∆ (N) = X ∆ (N)\{cusps} the corresponding affine curves. Denote by J 1 (N) (respectively, J 0 (N), J ∆ (N)) the jacobian of X 1 (N) (respectively, X 0 (N), X ∆ (N)).
The representation and behavior under the covering π : X 1 (N) −→ X ∆ (N) −→ X 0 (N) of the cusps was explained by Ogg [12] . The cusps can be regarded as pairs ± The cusps (especially of X 0 (N)) at d = 1 are also called infinity cusps (denoted as ∞) and cusps at d = N called zero cusps (denoted as 0).
As noted in [6] , it also defines an automorphism, not an involution in general, of X 1 (N) because it belongs to the normalizer of Γ 1 (N) in P SL 2 (R) [11] . We also denote this automorphism as ω N ′ . The Atkin-Lehner involutions are mutually commutative and satisfies the multiplication rule
The action of ω N ′ on the cusps of X 0 (N) was given by Ogg [13, Proposition 2] . It is easy to see
The moduli interpretation of noncuspidal points of X 1 (N) are (E, ±P ), where E is an elliptic curve and P ∈ E is a point of order N. The moduli interpretation of noncuspidal points of X 0 (N) are (E, C), where E is an elliptic curve and C ⊂ E is a cyclic subgroup of order N. The map π : X 1 (N) −→ X 0 (N) send (E, ±P ) to (E, P ), where P is the cyclic subgroup generated by P .
Let p be a prime such that p ∤ N. Igusa's theorem [5] says that the modular curves X 1 (N) and X 0 (N) have good reduction at prime p. Moreover, reducing the modular curve is compatible with reducing the moduli interpretation (See for example [14, Theorem 1] ). And the description of the cusps is the same in characteristic p as in characteristic 0.
Let K be a number field with ring of integers O K , ℘ ⊂ O K a prime ideal lying above p, k = F q = O K /℘ its residue field. Let E be an elliptic curve over K and P ∈ E(K) a point of order N. Let E be the fibre over k of the Néron model of E, and let P ∈ E(k) be the reduction of P . Suppose that p ∤ N. Then elementary theory of group schemes shows that P has order N due to the following well-known result (See for example [1, §7.3 Proposition 3] ). 
Let k = F q be the finite field with q = p n elements. Let E/k be an elliptic curve over k. Let |E(k)| be the number of points of E over k. Then Hasse's theorem states that 
, we take α = 2. Case 2: p = 3, j = 0, by Jeong [9, Theorem 3.6], we have the following representatives of the two isomorphism classes of elliptic curves over k with j(E 1 ) = j(E 2 ) = j
, we take α = 2.
KENKU'S METHOD
Kenku's method was based on the following Lemma 2.1 and Lemma 2.3. 
also corresponds to an elliptic curve with a point of order N.
Proof. By the definitions of Atkin-Lehner involution ω N ′ on X 0 (N) and the automorphism ω N ′ on X 1 (N), the following diagram is commutative
The following diagram is also commutative
Since x has good reduction, then ω N ′ (x) also has good reduction. Now that ω N ′ (x) ⊗ F p is the reduction of the point ω N ′ (x) on X 1 (N), then it corresponds to an elliptic curve with a point of order 
If the Galois covering π :
for some rational point z on X ∆ (N), where
is induced by the Frobenius map φ :
We claim that there is an element σ ∈ Gal(L/Q) of order 3, such that (after a necessary rearrangement) the embeddings
Let σ be a generator of Gal(K/Q) = Z/3Z. Then, after a necessary rearrangement of τ 1 , τ 2 and τ 3 , we have
On the other hand, each τ i extends to two embedding τ i1 , τ i2 : L ֒−→ Q and Gal(L/Q) = {τ 11 , τ 12 , τ 21 , τ 22 , τ 31 , τ 32 }. Without loss of generality, suppose τ 3 is the identity embedding, then {τ 31 , τ 32 } = {id, σ 2 }, and after a necessary rearrangement of τ 1 and τ 2 , {τ 11 , τ 12 
The projection of the rational divisor class
Since the genus of X ∆ (N) is 1, i.e. X ∆ (N) is an elliptic curve, then there is a canonical isomorphism
where the right i is the group law on the elliptic curve X ∆ (N). Since the Galois action is compatible with the projection, i.e. the following diagram is commutive
i.e. there is a rational point z on X ∆ (N) such that
following diagram is commutative:
It is easy to know either σ ′ = σ or σ ′ = σ 2 . In both cases, we always have
Since both X ∆ (N) and X 0 (N) are elliptic curves, they are equipped with the group law. We can always choose an infinity cusp ∞ ∆ on X ∆ (N) as the zero point O ∆ and the unique infinity cusp ∞ 1 on X 0 (N) as the zero point O 1 . Since the projection π 2 :
it is an isogeny, thus preserves the group law. And our assumption p ∤ N guarantees X 0 (N) have good reduction at ℘. Then the group law is also preserved during reduction. In other words, the following diagram is commutative:
Moreover, for any Atkin-Lehner involution ω N ′ , we have
because of the following commutative diagram:
is cubic, then we all the arguments that work for x also work for ω N ′ (x). Therefore
THE 32-AND 24-TORSION OF ELLIPTIC CURVES OVER CUBIC FIELDS
While the Atkin-Lehner involution ω N on X 0 (N) is defined over Q, the Atkin-Lehner involution ω N on X 1 (N) is actually defined over Q(ζ N ) rather than Q as we wish. In this section, we PRETEND that the Atkin-Lehner involution ω N on X 1 (N) is defined over Q. Under this assumption, for all
is cubic if x is cubic (as required in the last statement of Lemma 2.4). With this FALSE assumption, the Kenku's method is used to "PROVE" the nonexistence of 32-and 24-torsion on elliptic curves over cubic fields.
3.1. N = 32. As is shown in [17] , J 1 (N)(Q) is finite. From Jeon-Kim-Schweizer [8] , we know Gon(X 1 (N)) > 3. Let K be a cubic field and ℘ a prime of K over 3. Suppose x = (E, ±P ) ∈ Y 1 (N)(K). Therefore by Lemma 2.1, E has good reduction at ℘. By Proposition 1.1, the reduction P of P is a k-rational point of order N in the elliptic curve E over k = O K /℘.
The following lemma shows that E(k) can not have a point of order 32. This contradiction implies that Z/32Z is not a subgroup of E(K) tor . The calculations on the finite field F 3 3 in this Lemma is done in Sage [15].
Lemma 3.1. E(k) can not have a point of order 32
Proof. For the modular curve X 0 (32), Fricke [3] calculated the defining equation and the explicit formula of j-invariant and the Atkin-Lehner ω 32 on this equation. These data can also be found in Furumoto-Hasegawa [4] . The equation is This is exactly all the rational points of this equation since X 0 (32)(Q) ∼ = J 0 (32)(Q) is finite. The map π : X 1 (32) −→ X 0 (32) factors through X ∆ (32), where ∆ = {±1, ±7, ±9, ±15}, with g(X ∆ (32)) = 1 (See for example [7] ). The cusps of X ∆ (32) over the 0 cusp of X 0 (32) are quadratic. This is because the eight cusps of X 1 (32) over 0 are
They have two orbits under the action of ∆:
So X ∆ (32) has two cusps ± If k = F 3 or F 3 2 , then E(k) can not have a point of order 32 since 32
. Table 1 list the coordinates and jinvariant of the points on the reduction of the equation 3.1 modulo 3 which are rational over F 3 3 . Denote ϕ = id + φ + φ 2 . The last two columns shows ϕ(X, Y ). Table 2 shows the group structures of elliptic curves over F 3 3 with the given j-invariants that appear in Table 1 . It is easy to see that only the point P with j-invariants marked by ( * ) may correspond to an elliptic curve with a point of order 32.
Denote ω(P ) = −P + (0, 4) ≡ −P + (0, 1) mod 3 and ω ′ (P ) = −P − (0, 4) = −P + (0, −4) ≡ −P + (0, 2) mod 3. By using the additive law on X 0 (32), both ω(P ) and ω ′ (P ) are calculated as listed in Table 3 .
Consider the points P = (X, Y ) numbered by 1, · · · , 12 with j(P ) among those marked by ( * ). Now, if ω 32 = ω, then only the even numbered points 2,4,6,8,10,12 satisfy that j(ω 32 (P )) is among those marked by ( * ) in Table 2 , which is required by Lemma 2.3. But they have 
which is not allowed by Lemma 2.4. Otherwise, if ω 32 = ω ′ , then only the odd numbered points 1,3,5,7,9,11 satisfy that j(ω 32 (P )) is among those marked by ( * ) in Table 2 , which is required by Lemma 2.3. But they have
ϕ(ω 32 (P )) = (0, 2) (7, 9, 11) which is not allowed by Lemma 2.4. Actually, the information in Table 3 can be represented in Figure 1 and Figure 2 . The black dot means either the point has unmarked j-invariant or the point has ϕ(P ) not allowed by Lemma 2.4. The white dot point is satisfactory, but each of them is connected to a black dot point by ω 32 , which is not allowed by Lemma 2.3 or Lemma 2.4.
N = 24.
As is shown in [17] , J 1 (N)(Q) is finite. From Jeon-Kim-Schweizer [8] , we know Gon(X 1 (N)) > 3. Let K be a cubic field and ℘ a prime of K over 5. We can always choose ℘ such that the residue field k = O K /℘ has degree 1 or 3 over F p . In fact, the decomposition of p in O K has TABLE 3. Atkin-Lehner involution on X 0 (32)(F 3 3 )
the following five types
In type II, IV, V , all the primes over p have degree 1 residue field. In type I, the prime over p has degree 3 residue field. In type III, the degree of the residue fields of the two primes ℘ 1 , ℘ 2 is 1 and 2 respectively. We choose the one with degree 1 residue field as ℘.
Therefore by Lemma 2.1, E has good reduction at ℘. By Proposition 1.1, the reduction P of P is a k-rational point of order N in the elliptic curve E over
The following lemma shows that E(k) can not have a point of order 24. This contradiction implies that Z/32Z is not a subgroup of E(K) tor . The calculations on the finite field Proof. For the modular curve X 0 (24), Fricke [3] calculated the defining equation and the explicit formula of j-invariant and the Atkin-Lehner involutions ω 4 , ω 9 , ω 36 on this equation. These data can also be found in Furumoto-Hasegawa [4] . The equation is
with the formula of the Atkin-Lehner involutions ω 24 (P ) = −P + (0, 6) ω 3 (P ) = P + (−3, 0)
and the formula of j-invariant
It can be calculated in Sage [15] that the set of rational torsion points of this equation is This is exactly all the rational points of this equation since X 0 (24)(Q) ∼ = J 0 (24)(Q) is finite.
The map π : X 1 (24) −→ X 0 (24) factors through X ∆ (24), with ∆ = {±1, ±11}, g(X ∆ (24)) = 1 (See for example [7] ). The cusps of X ∆ (24) over the 0 cusp of X 0 (24) are quadratic. This is because the four cusps of X 1 (24) over 0 are
So X ∆ (24) has two cusps ± at d = 3 of X 0 (24) are quadratic. This is because the four cusps of X 1 (24) over ±
So X ∆ (24) has two cusps ± . They are conjugates since they have the same y in the representation ± at d = 8 of X 0 (24) are quadratic. This is because the four cusps of X 1 (24) over ±
So X ∆ (24) has two cusps ± . They are conjugates since they have the same y in the representation ± If k = F 5 , then E(k) can not have a point of order 24 since 24
. Table 4 list the coordinates, j-invariant and ϕ of the points on the reduction of equation 3.2 modulo 5 which are rational over F 5 3 . Table 4 : Points on X 0 (24)( Table 5 shows the group structures of elliptic curves over F 5 3 with the given j-invariants that appear in Table 4 . It can be seen that all noncuspidal pionts on X 0 (24)(F 5 3 ) may correspond to an elliptic curve with a point of order 24. By using the additive law on X 0 (24), ω 3 (P ), ω 8 (P ) and ω 24 (P ) are calculated as listed in Table 6 . Table 6 : Atkin-Lehner involutions on X 0 (24)(F 5 3 ) Table 6 : continued P X(P ) Y (P ) X(ω 3 (P )) Y (ω 3 (P )) X(ω 8 (P )) Y (ω 8 (P )) X(ω 24 (P )) Y (ω 24 (P )) 44 (2, 2, 4) (2, 2, 4) (1, 2, 2) Table 6 : continued P X(P ) Y (P ) X(ω 3 (P )) Y (ω 3 (P )) X(ω 8 (P )) Y (ω 8 (P )) X(ω 24 (P )) Y (ω 24 (P )) 88 (4, 2, 3) (4, 2, 3) (4, 0, 3)
The information in Table 6 can be represented in Figure 3 . The 96-vertex graph has 24 connected components, which are all complete graphs of order 4. The black dot points are those such that ϕ(P ) ∈ {(−3, 0), (−4, 2), (0, 6)} while the white dot points are those such that ϕ(P ) ∈ {(−3, 0), (−4, 2), (0, 6)} The horizontal lines represent ω 3 . The vertical lines represent ω 8 . And the diagonal lines represent ω 24 . It is clear that each white dot point is connected to at least one black dot point, which is not allowed by Lemma 2.4.
